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1. INTRODUCTION

Many researchers have investigated the basic properties of connectedness. The productivity and fruitfulness of these
notions of connectedness motivated mathematicians to generalize these notions. In the course of these attempts many
stronger and weaker forms of and connectedness have been introduced and investigated.

D. Andrijevic [1] introduced a new class of generalized open sets in a topological space called b-open sets. The class of b-
open sets generates the same topology as the class of pre-open sets. Since the advent of this notion, several research paper
with interesting results in different respects came into existence (See [3, 4, 5, 7, 8, 9]). M. Ganster and M. Steiner [6]
introduced and studied the properties of gb-closed sets in topological spaces.

Powar P. L. and Rajak K. [14], have investigated a special case of generalized topological space called fine topological
space. In this space, the authors have defined a new class of open sets namely fine-open sets which contains all a—open
sets, p—open sets, semi-open Sets, pre-open sets, regular open sets etc. By using these fine-open sets they have defined
fine-irresolute mappings which includes pre-continuous functions, semi-continuous function, o—continuouos function,
B—continuous functions, a—irresolute functions, p—irresolute functions, etc (cf. [10]-[14]).

The aim of this paper, we have introduced fb-open sets, fgh-open sets and define some new continuous functions. Also,
we have introduced fgb-connectedness and their properties are studied.

2. PRELIMINARIES

Throughout this paper (X, 1), (Y, o) are topological spaces with no separation axioms assumed unless otherwise stated.
Let A € X. The closure of A and the interior of A will be denoted by CI(A) and Int(A) respectively.

Definition 2.1 A subset A of X is said to be b-open [1] if A < Int(CI(A)) U CI(Int(A)). The complement of b-open set is
said to be b-closed. The family of all b-open sets (respectively b-closed sets) of (X, 1) is denoted by bO(X, 1) [respectively
bCL(X, 1)].

Definition 2.2 Let A be a subset of X. Then

(i) b-interior [1] of A is the union of all b-open sets contained in A.

(ii) b-closure [1] of A is the intersection of all b-closed sets containing A.

The b-interior [respectively b-closure] of A is denoted by bint(A) [respectively bCI(A)].

Definition 2.3 Let A be a subset of X. Then A is said to be gb-closed [5] if bCL(A) < U whenever A € U and U € bO(X,
7). The complement of gb-closed [6] set is called gh-open. The family of all gh-open [respectively gb-closed] sets of (X,
1) is denoted by gbO(X, 1) [respectively gbCL(X, 1)].
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Definition 2.4 The gb-closure [6] of a set A is the intersection of all gb-closed sets containing A and is denoted by
ghCI(A).

Definition 2.5 The gb-interior [6] of a set A is the union of all gb-open sets contained in A and is denoted by gbInt(A).
Remark 2.6 Every b-closed set is gh-closed.

Definition 2.7 A function f: X — Y is said to be gb-continuous [5] if f—1(V) is gb-closed in X for every closed set V of Y
(c.f. [2]).

Definition 2.8 A function f: X — Y is said to be gb-irresolute [5] if f—1(V ) is gb-closed in X for every gb-closed set V
of Y (c.f. [2]).

Definition 2.9 A topological space X is said to be gh-connected if X cannot be expressed as a disjoint union of two non-
empty gb-open sets. A subset of X is gh-connected if it is gb-connected as a subspace (c.f. [2]).

Definition 2.10 A topological space X is said to be Tgb-space if every gb-closed subset of X is closed subset of X (c.f.
[2]).

Definition 2.11 Let (X, t) be a topological space we define

T (Aa) = 10 (say) = {Ga(#X) : Ga N Aa= ¢, for Aa € T and Ao# ¢,X, for some a € J, where J is the index set.}

Now, we define tf = {¢,X,U a€J {t0}}

The above collection tf of subsets of X is called the fine collection of subsets of X and (X, 1, tf ) is said to be the fine
space X generated by the topology T on X (cf. [14]).

Definition 2.12 A subset U of a fine space X is said to be a fine-open set of X, if U belongs to the collection tf and the
complement of every fine-open sets of X is called the fine-closed sets of X and we denote the collection by Ff (cf. [14]).

Definition 2.13 Let A be a subset of a fine space X, we say that a point x € X is a fine limit point of A if every fine-open
set of X containing x must contains at least one point of A other than x (cf. [14]).

Definition 2.14 Let A be the subset of a fine space X, the fine interior of A is defined as the union of all fine-open sets
contained in the set A i.e. the largest fine-open set contained in the set A and is denoted by fint(cf. [14]).

Definition 2.15 Let A be the subset of a fine space X, the fine closure of A is defined as the intersection of all fine-closed
sets containing the set A i.e. the smallest fine-closed set containing the set A and is denoted by fcl(cf. [14]).

Definition 2.16 A function f: (X, t, ©f ) — (Y, 1, tf") is called fine-irresolute (or f-irresolute) if f~1(V ) is fine-open in X
for every fine-open set V of Y (cf. [14]).

3. fgh-CONNECTEDNESS
In this section we have defined fgh-connectedness in fine-topological space.

Definition 3.1 A subset A of X is said to be fb-open if A SfInt(fcl(A))Ufcl (fInt(A)). The complement of fb-open set is
said to be fb-closed. The family of all fb-open sets (respectively fb-closed sets) of (X, 1) is denoted by fbO(X, 1)
[respectively tbCL(X, 1)].

Example 3.2 Let X = {a, b, ¢} with the topology ©= {0, X, {a, b}}, tf = {9, X, {a}, {a, b}, {a, c}, {b}, {b, c}}, Ff = {0,
X, {b, c}, {c}, {b}, {a, c}, {a}}. It may be easily check that the only fb-open sets are ¢,X, a ,{b}.{a,b}{a,c}{b,c}.

Remark 3.3 Every b-open set is fb-open and every b-open and fb-open set is fine-open.
Definition 3.4 Let A be a subset of X. Then

(i) fb-interior of A is the union of all fb-open sets contained in A.

(ii) fb-closure of A is the intersection of all b-closed sets containing A.

The fb-interior [respectively fb-closure] of A is denoted by fbInt(A) [respectivelyfbcl(A)].

Example 3.5 Let X = {a, b, ¢} with the topology ©= {0, X, {a, b}}, tf = {@, X, {a}, {a, b}, {a, c}, {b}, {b, c}}, Ff = {0,
X, {b, c}, {c}, {b}, {a, c}, {a}}. Let S={a,b} the fb-interior of S is {a, b} and the fb-closure of S is X.
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Definition 3.6 Let A be a subset of X. Then A is said to be fgb-closed if fbInt(4) < U whenever A € U and U € fbO(X,
1). The complement of fgb-closed set is called fgb-open. The family of all fgb-open [respectively fgb-closed] sets of (X, 1)
is denoted by fgbO(X, 1) [respectively fgbCL(X, 1)].

Example 3.7 Let X = {a, b, ¢} with the topology T = { @, X, {a}, {a, b}}, ©f = {@, X, {a}, {a, b}, {a, c}, {b}, {b, c}}, Ff =
{0, X, {b, c}, {c}, {b}, {a, c}, {a}}. It can be easily check that the only fgh-open setsare ¢,X a, b, a,b, a,c, b,c.

Remark 3.8Every fb-open set is fgh-open.

Definition 3.9 The fgb-closure of a set A is the intersection of all fgb—closed sets containing A and is denoted
byfgbcl(A).
Definition 3.10 The fgb-interior of a set A is the union of all fgh-open sets contained in A and is denoted by fgbint A .

Example 3.11 Let X = {a, b, ¢} with the topology t= { @, X, {a}}, 1f = {@, X, {a}, {a, b}, {a, c}}, Ff = {9, X, {b, c},
{c}, {b}}. Let S={ b} the fgb-interior of S is {b} and the fgb-closure of S is {b}.

Definition 3.12 A function f: X — Y is said to be fgb-continuous if f—1(V) is fgb-closed in X for every fine-closed set V
of Y.

Example 3.13 Let X = {a, b, c} with the topology 7= ¢,X, a,b , b, b,c tf=¢,X,a,ab ,ac,b, bc,c, Ff={¢
X {a} {b}{c}{a,b}{a,c}{b,c} }and let Y = {1, 2, 3} with the topology t'= ¢,Y, 1, 1,2, tf'={0, Y, {1}, {1, 2}, {1, 3},
{2}, {2, 3} }. We define a mapping f:X—Y by f(a) = 1, f(b) = 2, f(c) = 3. It may be easily check that the only fgh-open
setsof Yare ¢,¥Y,1,1,2,13,2, 2,3 whose pre-images are ¢,X, a, a,b, a,c, b, b,c which are fine-closed in X. Hence,
f is fgb-continuous.

Definition 3.14 A function f: X — Y is said to be fgb-irresolute if f—1(V) is fgb-closed in X for every fgb-closed set V of
Y.

Example 3.15 Let X = {a, b, c} with the topology 7= ¢.X, a,b ,tf={¢,X,a,ab,a,c,b,b,c }andletY = {1, 2, 3} with
the topology t'=¢,Y, 1,12 ,7f'=¢,Y,1,1,2,1,3,2,2,3. We define a mapping f:X—Y by f(a) =1, f(b) =2, f(c) =3. It
may be easily checked that the only fgb-open sets of Y are ¢,Y,1,1,2,1,3, 2, 2,3 whose pre-images are ¢,X, a, a,b ,
a,c, b, b,c which are fgh-open in X. Hence, f is fgb-irresolute.

Definition 3.16 A topological space X is said to be fgb-connected if X cannot be expressed as a disjoint union of two non-
empty fgh-open sets. A subset of X is fgb-connected if it is fgh-connected as a subspace.

Example 3.17 Let X = {a, b} and let 1= {X, v, {a}}, Tf={¢,X, a, a,b, a,c }. Then it is fgb-connected space.
Definition 3.18 A topological space X is said to be fTgbh-space if every fgb-closed subset of X is fine-closed subset of X.

Example 3.19 Let X = {a, b} and let 1= {X, v, {a, b}, {b}, {b, c}}, tf={¢p, X, {a}, {a, b}, {a, c}, {b}, {b, c}, {c}}. Then
it is gb-connected.

Theorem 3.20 If f: X — Y is a fgb-continuous and X is fgh-connected, then Y is fine-connected.

Proof: Suppose that Y is not fine-connected. Let Y = AUB where A and B are disjoint non-empty fine-open set in Y.
Since f is fgh-continuous and onto, X = f—1(4) U f—1(B) where f—1(A) and f—1(B) are disjoint non-empty fgb-open sets
in X. This contradicts the fact that X is fghb-connected. Hence, Y fgb-connectedness in topological spaces.

Theorem 3.21 If f: X — Y is a fgb-irresolute surjection and X is fgh-connected, then Y is fgh-connected.

Proof: Suppose that Y is not fgb-connected. Let Y = A U B where A and B are disjoint non-empty fgh-open set in Y.
Since f is fgb-irresolute and onto, X = f—1(4) U f—1(B) where f—1(A) and f—1(B) are disjoint non-empty fgb-open sets
in X. This contradicts the fact that X is fgb-connected. Hence Y is fine-connected.

Theorem 3.22 In a fine-topological space (X, t, Tf) with at least two points, if tbO(X, 1, 7f) = tbCL(X, 1, tf) then X is
not fgb-connected.

Proof: By hypothesis we have fbO(X, 1, tf)) = fbCL(X, 1, Tf)) and every fb-closed set is fgh-closed, there exists some
non-empty proper subset of X which is both fgb-open and fgb-closed in X. So by last Theorem 4.7 we have X is not fgb-
connected.
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Theorem 3.23 Suppose that X is a fTgb-space then X is fine-connected if and only if it is fgh-connected.

Proof: Suppose that X is fine-connected. Then X cannot be expressed as disjoint union of two non-empty proper subsets
of X. Suppose X is not a fgh-connected space. Let A and B be any two fgb-open subsets of X such that X = AUB, where
ANB=vand A c X, B c X. Since X is fTgbh-space and A,B are fgh-open, A,B are open subsets of X, which contradicts
that X is fine-connected. Therefore X is fgh-connected. Conversely, every fine-open set is fgb-open. Therefore every fgb-
connected space is fine-connected.

Theorem 3.24 If the fgh-open sets C and D form a separation of X and if Y is fgb-connected subspace of X, then Y lies
entirely within C or D.

Proof: Since C and D are both fgb-open in X the sets C N'Y and D N'Y are fgb-open in Y these two sets are disjoint and
their union is Y. If they were both non-empty, they would constitute a separation of Y. Therefore, one of them is empty.
Hence Y must lie entirely in C or in D.

Theorem 3.25 Let A be a fgb-connected subspace of X. If A ¢ B < fghCIA then B is also fgh-connected.

Proof: Let A be fgb-connected and let A ¢ B c gbhCI(A). Suppose that B = CUD is a separation of B by fgb-open sets.
Then by Theorem 4.11 above A must lie entirely in C or in D. Suppose that A c C, then fghCI(A) < fgbCI(C). Since
fgbCI(C) and D are disjoint, B cannot intersect D. This contradicts the fact that D is hon-empty subset of B. So D = v
which implies B is fgh-connected.
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